MULTIPLIERS ON A BANACH ALGEBRA WITH
A BOUNDED APPROXIMATE IDENTITY JOHN W. DAVENPORT Let A be a Banach algebra with a bounded approximate identity {e a | a e Λ}, and M{A) the multiplier algebra on A. In this paper, we obtain a representation for M(A) such that each multiplier operator appears as a multiplicative operator. The proof makes use of the weak-* compactness of the net {Te u \aeΛ} and the algebraic properties of a multiplier. 1* Introduction. In 1951, J. G. Wendel showed that the left centralizers on L^G), G a locally compact group, was equivalent to C 0 (G)*, ^he s P ace of regular Borel measures on G. Thus, if T is a centralizer and x is any element in L^G) then Tx = ζ *x for some Borel measure ζ. It is also well known that if A is a Banach algebra with an identity element then any multiplier on A is determined by its action on the identity element. In this paper, we show that if A is a Banach algebra with a bounded approximate identity then there exist a continuous isomorphism of A such that each multiplier defined on A is given by point-wise multiplication. In the case that the approximate identity is uniformly bounded by one, the representation is norm preserving. Thus we obtain an isometric isomorphism for all multipliers on L^G) and for all multipliers on any J3*-algebra such that the action of a multiplier is given by point-wise multiplication by a fixed element in A.
The representation space for M(A).
DEFINITION 2.1. Let A be a Banach algebra and T a mapping from A into A. The map T is a multiplier provided
Every multiplier turns out to be a continuous function and the set of all multipliers on A under pointwise operations is a commutative subalgebra of B(A), the set of all bounded linear operators on NOTATION 2.2. In this paper, a Banach algebra with a bounded approximate identity will be denoted by A and the multiplier algebra on A will be denoted by M(A). For any Banach algebra X, we denote the weak-* convergence of a net in X*, the dual space of X, indexed by a eΛ, by "lim«*"*(•)". Unless otherwise stated, we denote the bound on the approximate identity by M. 
the dual space, Bt, becomes a Banach algebra. This follows since the above definitions are the restrictions to J5* of the Arens product on A** which makes A** into a Banach algebra such that if π is the canonical embeding of A into A** then π is an isometric isomorphism ( [5] ). LEMMA 
There exists a norm reducing isomorphism of A into JBJ.
Proof. We define τ: A -> J3£ by τa(f) = f(a) = πα U*.
Clearly τ is linear and since B* = {/ α|/eA*, αeA}, it follows that r is one-to-one. From | τa(f) | = |/(α) | < ||/|| || a ||, we see that ||τα|| < ||α||, for all ae A.
Let {F a \ a e Λ) be a net in B%\ a e A; and F, Ge B%, then the following properties are satisfied: Proof. These properties follow from a straightforward application of the definitions of the operations involved. 
be a Banach algebra with a bounded approximate identity {e a \ a e A). Then there exists a map μ from M(A) into B% such that μ is a continuous, algebraic isomorphism of M(A) into Bt. Furthermore τ(Ta) = (μT) τa = τa (μT) (aeA, TeM(A)) .

Proof. Let T e M(A).
Since 11 
. τa μ(T) -τ(Γα) (αei, TeM(A)) .
By Lemma 2.7, the identity element of Bt is the weak-* limit of a subnet of {τe a \ a e A}. Let {τe β } denote this subnet. Hence we have
μ{T)-τa(f) -lim τe β ψ(T)'τa(f) = limτe β μ(T)-τa(f)
and Γ€ikf(A). Then
τx-μ(TS)-τy = τ(TSx)y = τSx-τTy = μS-τx-μT-τy = τx-μS-μT-τy and thus by Lemma 2.6, it follows that μ(TS) = μ(S) μ(T).
But C. N. Kellogg [4] proved that M(A) is a closed commutative subalgebra of B(A), the set of all bounded linear operators on A. Thus μ(TS) = μ(ST) = μ(T) μ(S) and therefore μ is homomorphic. If μ(T) = μ(S) for some Γ, SeikΓ(A) where /ι(Γ) = limϊ*-rΓβ β and μ(S) = liτάβ k '*τSeβ then for each feB*, and αei, we have
Since r is one-to-one, it follows that Ta = Sα for each ae A. Thus μ is one-to-one. where the above operation is the Arens product on A**.
Proof. D. C. Taylor [7] has shown that A* = {/ α|/e A*, αeA} = {a flfeA*, aeA}. Thus J5* -A* and £J = A**. In this case the product operation on B% -A** becomes the Arens product and the involution on A** is given by F*(f) = F(f) where /(#*) [2] . Since a I?*-algebra possesses an approximate identity uniformly bounded by one, the result follows from Corollary 2.9. 
